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Abstract 
It is known that the disk is homogeneous with respect to open maps; however, it was unknown 
whether or not the disk was homogeneous with respect to monotone open maps. Using techniques 
from algebraic topology we show that not only is the disk not homogeneous with respect to 
monotone maps, but no compact planar manifold with boundary is monotone homogeneous. We 
end with an example of a noncompact planar manifold with boundary that is monotone open 
homogeneous. 0 1997 Elsevier Science B.V. 
Keywords: Monotone homogeneity; Decompositions; Vietoris Mapping Theorem 
AMS class@ation: Primary 54C10, Secondary 54B15; 57N05 
1. Introduction 
The main result of this paper is that no compact planar manifold with boundary is 
homogeneous with respect to monotone maps. In addition, we give an example of a 
noncompact planar manifold with boundary that is not homogeneous. but is homoge- 
neous with respect to monotone open maps. The notion of homogeneity with respect 
to a class of functions was introduced by J.J. Charatonik in [ 1.2,4], where he discusses 
both homogeneity with respect to the class of open maps and with respect to the class 
of monotone maps. A space X is considered homogeneous with respect to a class of 
functions A closed under composition if for every two points L. y E X there is a sur- 
jection f : X -+ X in A so that f(z) = y. We will say that a space is monotone 
homogeneous if it is homogeneous with respect to monotone maps. Similarly a space is 
open homogeneous if it is homogeneous with respect to open maps. L.C. Oversteegen. 
see [3]. gave an example of a continuum that is light open homogeneous but is not 
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monotone open homogeneous. In an unpublished paper [7], J. Prajs shows that there is 
a monotone open map from the disk onto S2 and thus that the disk is homogeneous 
with respect to open maps. A corollary to our result is that the disk is not monotone 
homogeneous. 
2. Preliminaries 
If X and A are sets, then by X - A we mean the members of X not in A. If A is 
a collection of sets, then A* will denote their union. We define a planar manifold with 
boundary to be a connected subset of the plane with two kind of points: interior points; 
i.e., those that have sufficiently small open neighborhoods that are homeomorphic to the 
plane; and boundary points; i.e., those that have sufficiently small open neighborhoods 
that are homeomorphic to the half-plane. We will denote the set of boundary points of h/l, 
a planar manifold with boundary, by a&l. We will use Bdhf(X) to mean the topological 
boundary of X relative to M or to the plane if M is absent. Similarly IntM(X) (or 
Cl,(X)) will be the topological interior (or closure) of X relative to A4 or if A4 is 
absent to the plane. A compact subset X in the plane is said to be cellular if for every 
open set U containing X there exists a 2-cell B so that X c Int(B) c B c U. By 
continuum we mean a compact connected metric space. It is known that nonseparating 
continua in the plane are cellular. All maps are considered to be continuous. We call a 
map monotone if every preimage of a point is connected. A proper map is one where 
preimages of compact sets are compact. Closed (open) maps preserve closed (open) 
sets. In order to prove the necessary lemmas we introduce what we will call local tech 
cohomology and derive a variant of the Vietoris-Begle Theorem. 
3. Local Tech cohomology and the Vietoris-Begle Theorem 
By local tech cohomology groups of a space X at a continuum C we simply mean 
the groups 
I?(X,X - C). 
The usage of the term “local” follows that of [.5] or [6] when describing local homology 
groups of a space X at a point IC. The following lemma that both justifies the use 
of the term “local” and is useful in computing local tech cohomology groups follows 
immediately from the Excision Axiom. 
Lemma 1. Let A c X. If A contains a neighborhood of C, then 
fiq(X, X - C) =fiq(A, A - C). 
We include two examples where we compute the local tech cohomology groups of 
M, a planar manifold with boundary, at a continuum C. 
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Example 2. Let A4 be a planar manifold with boundary and let C C M be a cellular 
continuum that intersects ahf at a connected set that is a proper subset of a component 
of ahf. We will show that the reduced local tech cohomology groups of M at C vanish 
everywhere; i.e., that 
for all 4. Let A be the component of aM that contains points of C. Let B C hl be a 
2-cell so that B - aM is homeomorphic to the half-plane, so that C c IntM(B), and so 
that A is not a proper subset of B. This is possible because C is cellular. Also note that 
because C is cellular there is a deformation retract of B - C onto Bd(B) - C. Thus 
l+(13 - C) M gq ( Bd(B) - C). 
But Bd(B) - C is homeomorphic to IR and has trivial reduced tech cohomology every- 
where. Thus from the long exact sequence we get 
l%(U -C) + I%(B) + I%(& B - C) + IF’(B - C) 
and so 
I?(O) &(B, B - C). 
Therefore the groups I%(B, B - C) are all trivial and by Lemma 1 so are the groups 
l%(nz, A4 - C). 
Example 3. Let M be a planar manifold with boundary and let C c M be a cellular 
continuum that does not intersect the 3M. We will show that 
and that I%(N, M-C) vanishes for all q # 2. Let B c Al be a 2-cell so that C c Int(B) 
and so that B n a M = 4. Since C is cellular there is a deformation retract from B - C 
onto the Bd(B). Thus Hq(B - C) is trivial everywhere except where q = 1 when it is 
isomorphic to Z. Thus from the long exact sequence 
l?(B) + ti’(B, B - C) + fi’(B - C) + l?(B) 
we get that I-II2 (B, B - C) is isomorphic to Z and by Lemma 1 we get fi2(M, M - C) 
is isomorphic to Z. In a similar manner it is seen that &(M, M - C) is trivial where 
Q # 2. 
The Vietoris Mapping Theorem is useful for proving isomorphism between homology 
groups of two spaces [lo]. Here we use a version adapted from Spanier [8]. 
Theorem 4 (Vietoris-Begle Mapping Theorem). Let f : X --+ Y be a closed continuous 
surjective map between paracompact Hausdofl spaces. Assume that there is an n 3 0 
such that &(f-l (y)) z 0 f or all y E Y and q < n. Then f* :kq(Y) 4 l%(X) is an 
isomorphism for q < n and a monomorphism for q = n. 
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Note that in Spanier [8] this theorem is stated for Alexander cohomology. But for 
paracompact Hausdorff spaces Tech and Alexander cohomology are equivalent. From 
the Vietoris-Begle Mapping Theorem, the long exact sequence (and the Steenrod 5- 
lemma), we see that f induces the appropriate morphisms on the corresponding local 
cohomology groups. Thus we have the following corollary to the Vietoris-Begle Mapping 
Theorem: 
Corollary 5. Let f : X + Y be a closed continuous surjective map between paracom- 
pact Hausdoti spaces. Assume that there is an n > 0 such that kq (f -’ (y)) M 0 for all 
yEYandq<n. Thenforally EY, 
f * : lqY, Y - {y}) 4 Iqx, x - f_‘(Y)) 
is an isomorphism for q < n and a monomorphism for q = n. 
4. Main result 
Let M and N be planar manifolds with boundary. Let f : IV + N be a proper closed 
surjective monotone map. Several observations are in order. 
(1) If y E N, then f-‘(y) cannot separate M. This follows from the facts that f is 
closed and monotone and that y does not separate N. 
(2) If y E N and if A is a component of aM that intersects f-’ (y), then f-‘(y) n A 
must be connected. This follows from observation (1) and the planarity of hf. 
(3) If y E N and if A is a component of aM that intersects f-‘(y) so that f-‘(y) n 
A # A and if B is another component of aM that intersects f-‘(y), then B c 
f-’ (y). This foll ows from the properties of f and the fact that N has no local cut 
points. 
If we further constrain f and assume that for every y E N, f-‘(y) does not contain 
a component of i3M, then the following observation holds. 
(4) If y E N, then I%(.f-l(y)) 3 0 f or all Q. This follows from the fact that since 
f-‘(y) does not separate M, then f-‘(y) cannot separate the plane unless f-’ (y) 
contains a component of aM. 
We now state and prove the following lemmas: 
Lemma 6. Let M and N be planar manifolds with boundary and f : M 4 N be a 
proper closed surjective monotone map so that for every y E N, we have that f -’ (y) 
does not contain a component of aM. 
Zfy E aN, then f-‘(y) n aM # 0. 
Proof. Assume that y E aN. Then from Example 2 we know that 
H* (N, N - {y}) M 0. 
From observation (4) above we see that Corollary 5 can be applied to get that 
f * : fi2 (N, N - {y}) --+ fi*(M, M - f-‘(y)) 
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is an isomorphism. Thus from Example 3 we know that f-‘(y) cannot lie completely 
within the interior of n/s. q 
Lemma 7. Let M and N be planar manifolds with boundav and f : M --f N be a 
proper closed surjective monotone map so that for every y E N, we have that f-‘(y) 
does not contain a component of 8M. 
Zf y E N - aN, then f-‘(y) n aM = 0. 
Proof. Assume that y E N - aN. From Example 3 we know that 
fi*(N, N - {y}) xZ. 
From observation (4) above we see that Corollary 5 can be applied to get that 
fi* (M, M - f-'(y)) 25 z. 
By way of contradiction suppose that f-‘(y) n aM # 0. Then from observations (2) 
and (3) we see that Example 2 would imply that 
8*(M,hr - f-‘(y)) =o. 
Thus f-‘(y) n i3M = 0 as required. 0 
Lemma 8. Let M and N be planar manifolds with boundary and f : M --+ N be a 
proper closed surjective monotone map so that for every y E N, we have that f-‘(y) 
does not contain a component of aM. 
If A is a component of aM, then f(A) is a subset of some component of aN; and 
further if B is a component of aN, then there is a component A of aM so that f(A) c B. 
Proof. If z E A then f(x) must be in aN because of Lemma 7; but A is connected so 
f(A) must lie entirely within some component of dN. 
Let B be a component of aN and y E B. Now by Lemma 6 we know that f-‘(y) 
must intersect aM. Let A be a component of a M that contains points of f-l (y). Then 
f(A) c B as desired. q 
Theorem 9. No compact planar manifold with boundary is monotone homogeneous. 
Proof. By way of contradiction suppose M’ is a compact planar manifold with boundary 
that is monotone homogeneous. Let a E aM’ and b E M’ - aM’. Since M’ is supposed 
monotone homogeneous there must be a monotone surjective map f : M’ -+ M’ so that 
f(a) = b. Let 
Y = {y’ E M’: f -1 (y’) contains a component of aw}. 
Note that Y is a finite set since the number of components of aM’ is finite. For each 
y’ E Y define c(y’) to be y’ if y’ E M’ - aM’ and to be the component of i3M’ 
containing y’ if y’ E aM’. Define M and N to be two planar manifolds with boundary 
as follows: 
N = n/r’ - {c(y’): y’ E Y}* and M = M’ - {f-l (c(y’)): y’ E Y}*. 
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Now (flM) : M + N is a closed proper surjective monotone map so that for every 
Y E N, f-‘(y) d oes not contain a component of dM. By Lemma 7 b @ N so b E Y. 
We now make the following observation: 
If y’ E Y and f-‘(c(y’)) ’ t m ersects a component A of dM’, then A c f-‘(c(y’)). 
This is true because if it were the case that A g! f-’ (c(y’)), then there would be a point 
x E An i3M arbitrarily close to f-i (c(y’)); but by Lemma 8 this implies either that there 
are points of dM’ arbitrarily close to y’ when y’ E M’ - dM’ or that there are points 
of aM’ - c(y’) arbitrarily close to c(y’) when y’ E an/P-each of which is impossible. 
By Lemma 8 the number of components of 3M is greater than or equal to the number 
of components of 3N. Thus by our observation above it is also true that for any y’ E Y 
the number of components of a (M U f -’ (c( y’)) is greater than or equal to the number of 
components of a(NUc(y’)). In particular the number of components of a(MUf-‘(c(b)) 
is strictly greater than the number of components of a(N U c(b)). But this implies that 
the number of components of i3M’ is greater than the number of components of 3M’, 
which is absurd. Thus M’ is not monotone homogeneous. 0 
5. A monotone open homogeneous example 
Consider the planar manifold with boundary obtained by removing from the plane an 
infinite number of congruent open 2-cells with pairwise disjoint boundaries. Specifically 
let 
M = IE2 - { Int(Cs,2s(n,m)): n,m E Z}, 
where 
&(x,Y) = {(x?, y’) E E2: Ix’ - 31 ,< E and Iy’ - Y( 6 E}. 
We will show that M is homogeneous with respect to monotone open maps. Notice 
that if 5, y E aM or if z, y E M - i3M, then there is a homeomorphism h on M so that 
h(z) = y. Thus it will suffice to show some a, b’ E CIM and a’, b E M - i3M along with 
two surjective monotone open maps f, g : M --t M so that f(a) = b and g(a’) = b’. 
We define such an f first. Define M’ to be M UCa,2s(O,O). Now M’ is homeomorphic 
to M and so it is sufficient if we define f : M + M’ so that f(a) = b where a = 
(0.25,O) E i3M and b = (0,O) E M’ - i3M’. Consider the annulus 
A = CO.S(O,O) - Int(Co.zs(O,O)). 
From Prajs’ construction [7] we know there is a monotone open map f’ from A onto 
Ca,5(0,0), which is the identity on Bd(Ca.s(O, 0)) and that takes a to b. Define f(p) to 
be f’(p) if p E A and to be the identity otherwise. 
We now define g. Again consider the annulus A. Using a simplified version of the 
construction described in [9] it is possible to continuously decompose A into nondegen- 
erate nonseparating continua so that the decomposition space is homeomorphic to A. 
Note that by construction members of the decomposition can only intersect the boundary 
of A at single points. We modify this decomposition to obtain a new decomposition 
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by identifying to a single point each continuum that intersects Bd(Co.5 (0,O)). This new 
decomposition induces a surjective monotone open map g’ : A + A, which is the identity 
on Bd(C&(O,O)). Let b’ = (0.0.25) E aM and let a’ be in Int(A) intersected with the 
preimage of a’ under g’. Define g(p) to be g’(p) if p E A and the identity otherwise. 
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